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ABTACT

Subsonic flutter calculations on the basis of a variety of sero-
dynamie theories are presented for nine model wimp . The aerodynamic theories
employed include two-dimenioal strip theory, two variants of a procedure
suggested by Vassermn (Ref. 1), the single-lifttzg-line theory, and the
&ouble-lifting-line theory. All save the first inelude corrections for the
effects of finite sppn.

fperimental flutter speed and frequency data are available for all
nine vings. 2he vings are cf the uniform variety, have moderate to large
aspect ratios, and rnge in xweepback from 0* to k5&. Both seai-rigid and
elastic cantilever wing modes are included.

A compQrison of the calculated and experimntal flutter speeds leads
to the coc•lusion that Wo-dismnsional strip tbe=y should presently be used
in the desig office for the flutter amlysis of unavept, or slightly swept
vings. For sharply swept vi•gs, the studies indicate that the single-lifting-
line tbe=7 holds most promise for accurate flntte speed prediction. None
of the theories appear to predict the flutter frequencies vith Ratisfactory

consistency.

In addition to a description of the vus flutter calculations,
the reprt contains an outline of the single-and double-liftlng-line theories,
and of the Wasserman method. fte former two aerodynamic treatments vre
developed durini the course of the present progrm and are efforts to devise
a ratio=', finite span theo7 for the oscillating wing.

FrKLICATIOl REVIEW

This report has beea reviewed and is .•roved.

FOR TE CONVIM~D:

Co loinel, VW

Chief, Aircraft laboratory

Directrate of laboratories
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so. a* = see Eq. (2.11).

Ml - aspect ratio of wing model plus image.

A(gbb), B(gb,b) a integrals related to the incompete Cicala
function. See Eq. (nT.12)..

b = local wing emai--od, measured parallel to direc-

tion of flow. Also used in a general discussion

in Appendix lI to designate either b1 or b 2 .

bl, b 2 -= af Eq. (11.9).

b r = wing semi-chord at reference station.

IB = -(y), bA bA(y) = spanise variation of the ving pitching amplitude
and plunging apltude at the forvard quarter-

chord line, respectively.

cl, c2', C3 = seelsq. (2.3B).

C(k) = F(k)+1G(k) - Modorsen circulation function.

CLO = wing lift coefficient slope.

D(g,b) = see Eq. (11.10)

d = distance elastic axis Iles to the rear of the
quarter-chord divided by semi-chord.

e - superscript employed with notation for dounvash to

deaignte that &invash is effective.

F,G = real and inginary Warts of circlatiam function,
respectively. A smbscript 3 refe to three-
dinensioaal flow.

P(b), F(k5) - the complete Cicala function, see Eqs. (11.5, 11).

2he real and imaginary parts we notated and

,1 respectively.

VADC MR5J4-29 -Vii



I - superscript empoyd with notation for uouaah
to designate that doaumash is geometric. Also

used in place of gi or

9, . e •. (n.9).

1 (p), W(q) dng factor In Ving bending and toruion mode,
respecti~velyr.

G(u) a m Zq. (2.3).

0(b) a ot zq. ( .U).

(2) (2)
g a hakel functiom of second kind and order zero and

Sone, respectively.

I(kM) am sq. (ii.6).

I - ri ass moment of inertia per unit span about
elastic axis.

S-= Imginary unit.

k = reduced frequency = b/V-.

r aan 'sq. (n.9).

N =heh Nlo.

L '• LNc/h = ving lift and nose-up moment about the forurd

quarter-cbard point, each per unit span,

respectively.

.• =s s of ving per unit span.

a letter used to designte number of eor e vortices.

nan(k); S=Itk,I(4)/WI( 2 )) - bound vorticity correction factor used in single-
lifting-lilac and doule-lifting-line theory,
respectively.

p0 P, l Po, P1, 0o'F -e Emlq. (2.7), (2.9) and (2.10).

ps q - subscripts and superacrpt used to denote item
relating to wigbeading and wing torsiom degrees
of freedom.

WADC IR 53629 vi
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,. ssecript jsijnati.• a vwrt1.

I ( I),a s ee (z-) ( U .2) t o ir e ct i o n o f

flow. ajo, a subscript &eotU6 a point at&
&Mqub is satisfied.

S= vim =a static unbalanee per fuit Spin, positiwe

if ce.er of gravity lies aft of the el*stic

t =tim coordinate *

V aee Zq. (1n.9).

= mga Str velocity.

Sexp Bl t ant c id flutter speed, reaper-

wing speed corrected for Dach 3g. and used in V-9
vc di sa.Ur m.

(V/bI)eip, ( ) exp al and ftlcu]Ated re&=ed flutter vel=itY,

1aeo4mC infuenc. coefficient relatixg the
¥ Vrs intensity of the rt- Wtx to the dmvfsh at

the aR ovnvash u1ti•fS tio point. Jar preC'.S

definiti•5 oi v Vr, iv ) etc., see p. 20.

'W(e) , =Wg . ffctive Onti geometric "=WSIM&, resqSctiveIl7.

w(=) f indte aspect ratio kmftct.m dOwv"sb.

Wl()'2 (e) . effective dovavash at rear qmuartr-cbord Point and

id-ebadi point, respecti•elY-

(6 ' v(g) = Semetric 8onviiWsh at Vid-cbord point and rear qimrter-

1 2 ebord point, respectivEly-

Ws(g)V WSW = Soemtric and theoretical amsmmh of the vwig at

point a , respectively-

V WAXC D 54-29 " - "
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~~3.a 112r a " velocities am. to frwake only at nld-rcho and rear quarter-etord, respectively. A
.s erscript e or g me£ s that Oaimmus Is
effective or geosatr1c, respectively.

Vrs' irs a h in lutme coefficient relating the istemsity
of the rA vortex to the do&nvash at the - down-
wsh satisfaction point.

) (g a geometric dowash of wing at 1/2 ehord line
3/4 chord line, respectively, each at statio a.

vi ined dovnvash on the "in at the root.

v indued downash at root wrising from Intensity

r horseshoe vortex.

Sam 14. (4.1).

x arearward coordinate In the streau direction.

• = non-dimnsiom l rearward coordinate Vith origin

at mid-chord.

'Kra - disance the point a lies behind the vortex r
(in the stream direction).

y a splnuise coordinate, positive to the right.

Yrs a distance the point a lies to the right of the
mid-span of vortex rr.

z - dovmush displacement of the win5 .

cc - wingangle of attack.

"a muleria constant (see *pmix n).

1, 3 a circulation at a spanvi-ee station assming three-

dimensional and tVo-djsional flow, respeecvely.

t r - tvo-dimensional circulation at reference statio.

F (y) - spanvise distribution of the bound vorticity.

WAJC I 5-29
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r. T2  -intenaities of discrete vortices •y and Y2
respectively, used in tvo-lifting-Uine theory,

re! e.g. l-1 l 4bVy

Ire'4)t = intensity of bound vorticity of rth vortex.

-= distance fro the bound vortex aid-span rearward

to the win trailing edge divided by the local

sesi-ebord.

z = emi-span of a horseshoe vortex.

- dum vaial of integration.

M(k) a see Zq. (2.36).

= circular freqaewy of wing oscillation.

WenO ' I a experimental and calculated flutter frequency,
respectively.

, q - circul of wing bending and torsion

Mode, respectively.

. TT(x) ebo ise pessure distribution.

,- mss air denity.

0, 0 = a parameter defined by -= e 9. Also a phase anglp

9 a angle of sweep.

Srearward coM4U mte denoting distance from quarter-

chord. Also used to denote distance behind the
trLailn edge

loato of dicrt votie Y~l' Y2 used in tui,-
lifting-line - thory.

; • = rearward coordinates with orii at discrete

.ortIYes a Y2 , read~tey .

5nee Zq.

YAWc 54 -29 -ix-
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I. AS Its or1•l •,•ectlve, this program aimed toward am eTalua-

tlca of the seeursey of a wtbod I• by L. S. Wssserman for aceountlng
for finite npeet-rmtlo e!Tects in flutter calculations. Eow•ver, as the pro-

Sl•o•essed• certain original •e contributions • made by the
authors, in the fans of one-ltfting-li• s•l tvo-1!•ting-line the•tes for
calculation of the loading of oseillati• airfoils, and this work was lncor-

)orated in the over-all scope of the pro•ect.

This report 4eserlbes the application of these serody•c theories
to nine vinE flutter ao4els, for vhich exper•ental flutter data are available

for emspsrison vlth the theoretical predictions. Because of the program history,
all nine vings t•_re not a•alyzed by all the theories; hoverer, sufficient Cal- []I
eulatioM vere performed to permit preliaLQary appaisal of the sccuracies of
the various proposed 4eslsn teehnlques.

2. The nlne wings selected for anslysls ell vere to flutter In a
fun•aental vl• bendl• - fUndsnental wlnS torsion mode, aml none of the nc4els

, were equipped vlth ecatrol surfaces. The reasons for this selectlca are evident:
To be•n vith, sad!tional refinements ]mst be introduced in the serodymmtc
analysis to perait treataent of • with discontinuous ember, as are intro-

Sby conventional ecatrol surfaces. Although the directioa of such ref/ne-
meats is knovnj the a4•ttc•l increase in ec•utational €•plexity is bard.ly

• uarrsnted for this l•e• sppratsaI of the theories.

Secondly, the c•parison of calculated and measured flntter speeds
can be use6 as an ia4ex of the ez=ellenee of a particular serodyamtc theory
o.l:r if the elastic, inertia, and 4roping Woperties or the vlnss are known vltt,
eceB14erable seeurscy. Lesst difficulties in these phases of the calculation

are encountered •en fua•ntal • - fuada•ntal torsion flntter modes are
es•loye4. In this ccaneetion, care vas exeTctsed to insure that the higher •rl•
bead!a• a•A torsion ac4es tmre yell separsted froa the fu•saental pair; for
SEc. 9, bomm•, this requireaent ms not met, the v/as beinS tested after

the calculations wre started.

•. In the later sections o• the report, a descripttca of the VAd•est

Renesrch Institute seroA]nmmlc theories Is glven. An outllne of the Wasseraan
method, essentially follming his •rigiml presentation (•ee Ref. 1), is also

Sas Appendix I. •e various flutter anslyses are then 4escrtbed In
4eta11, and l•ellmlamry 4est•n eo•lusiom and recomendatlom sre •ravn.

tO•C • •-29 - 1 -
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As an additional aid in appraising the merits of the flinte-span
theories, flutter calculations were also performed by conventional 'strip"
theory, emloying the two-d4insional air forces, as described In fs. 2 and
13. Conclusions m presented regarding the sutability of using t-4Mmasionall
strip theory- anaiues In practice.

I. 3A 6 P CAICULNM OIP MW MODY IC
ILODIE0 OS8CIL IMT IhRPOI BY

LVZ-Li MM -

A. SlAgle-Lifting-Lime *del

1. The theoretical basis for the sigl lifting-line tedcique for
calculating the aerodynamic loading on an oscillating airfoil 1i described in
detail In a recent research paper (see Bef. k). In essence, the reasoning is
based on extension to the oscillatory case of the idea employed by Weissinger
when azalyuing steady-state wing loading.

• me prinipal elments of the theory wre as follow:

a) It Is asaume that the cbdui0se pressure distribution at each
wing station remains essentially the same as that encountered in two-dimensiomln
flow. 7us, the local center-of-pressure is at the formd quarter-chord point
of each wing station.

b) To calculate the spavise distribution of wing circulation, the
actual wing is first replaced by a concentrated line vortex which rams along
the foruard quarter-cord line of the wing. For a wing station Ane the actal

boudcirculation i relt and the ala r ed eg Is k, the line

vortex is arbitrarily assied an intensity nel(3/2)k "ei01At

&re 3eI(3/2)k Is a factor which emases the circulation prediction
from the present single-lifting-line theory to correspond precisely with that
from the exact, odorsen theory for the oscillating win of Infinite aspect
ratio. The factor a a n(k) is a function of the local reduced frequcny 3aly,
and is given in tabular and plot fors in Table I and Fig. 1, respectively.

c) With the boud vorticity accounted for, It is now neessary to
construct the associated Vake. This is done in the following fashion: The wake
intensity at a point behind the actual wing is deduced on the basi of the euet,
surface-loading theory for an oscillating airfoil (see, for eXNle, lefs. 5, E.
This fizes the wake intensity at each point behind the trailing eap of a partim-
lar station, and located a distance 5 from the local quarter-cord of the sta-
tion.

IIA2= "514-29 -2-
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VAI• OF ME PURTON n(k) FM VARIWUS k
(sLMa-Lm -Lim m )

a(k) -ek/ r/) 2()- 1IN(2(k)J + Ike- [ ij rr2 i 181(k) +Ci(k)]

k r(k)

0 1.0
0.05 0.9995 + 0.00961
0.10 0.9980 + 0.0191
0.15 0.9951 + O.02841
0.20 0.9905 + 0.03761
0.30 o.g9T7 + O.o51i
o.4o 0.9551 + 0.077T2
0.50 o.e5o + 0.102o•1
0.60 o.8M5 + 0.13501
0.80 0.7816 + 0.23581
1.o0 0.6579 + 0.10731

AIN 514-29 -3 -
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4 r
VAILU OF W E n(k) O VROUS k

u -) ek2(frk/2) k2c

k n(k)

o 1.0
0.05 o.9995 + o.oo096
0.10 0.9980 + 0.01911
0.15 0.9951 + 0.02841
0.20 0.9905 + 0.03761
0.30 0.917m + 0.0&
"0.40 0.9q55 + 0.07721

• 0.50 0.90 + 0.1021
0.60 o.885 + 0.1350o
0.80 0.7816 + 0.23581
1.00 0.6579 + 0.1.0731

VD TR 54-29 -3-
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flay, for the single-li.ting-U* wing model, the wake intensity at
a distance J behind the bound vortex is kept at precisely the same value as
In the corresponding location of the actnel wing. Ths it, S(f ~) Is the vector

US.intensity or the actual wing, and _ is that for the model, i(s)

Finally, for computati•nal convenience, the lifti-l-Une mdel wake

is not started at the trailing edge location, but Is instead arbitrarily ex-
tended forward to the bound vortex itmeU. In the strewa direction, the wake
omeillates with frequency k ; this oscillatory character is simply continued
forward In the regica between the quarter-ebord location and that of the trail-

4 Ing edge.

It should be particularly noted that the wake intensity behind a given
wing station dependa only on the yalu of the bound ereulatiom at that station,
and is not dependent on the bound circulation at other wing stations. Te wake
construction is thus siple and direct.

d) with the bound nd wake vorticities thas defined, it is evident
that the total dowvuh at any point on the actual wing plaufarm can be formally
calculated in a straightforward manner. Par the single-lifting-line theory,
this is done along the rear quarter-chord line of the actual wing planas. .P•r
a given wing geotry, and for a given oscillation frequency W and air speed

T , the downwsh at a particular point on this line deed on the function

I ) , i.e., on the sp•mrise distribution of the bound vorticity.

IFior the esdO-lafting-lne theory, it is propo that the total

veloc ity calculated in the manner just described be set equal to the geoetric
downwash aln the sewr quarter-ebord point of the actual wing.

In anlyi ter , this requiremen results in an i.tegr~o-dffer'ential
equation deinn the function T(y) . Pb details, see the discussion in

e) After the diutributiop of bomad vorticity is calculated, the lift
and pitching mment acting at each wing station is determined on the basis of
the corresponding ee ssions frtm the ex-t, two-dimensioal wing theory. This
is in accord with the ssumption outlined in (a) above.

Note that if this proce,*e is followed, the circulatory lift and
mommt are corrected for aspect ratio effects. Nowever, the apparent-mas term
rman uncorrected, and are thoese from to-dimensiaonl theory.

2. The earlier discussion outlim the formal aspects of the oe-
lifting-line theory, and it is n' of interest to investigate how the theory

NL~c I5F-29
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can be organized Into a practical calculation scheme. fthasis is to be plaead
on the lundling of vwin of arbitrary planfora, Inelding both unswept an.

* swept vings, asd wiml with either stra t or curvet q ert- and three-yqt-

ter chord lines.

To accomaq sh this, the approach used by Meiwic (Be. 7) snd others,
in studying the steady-state loading of thin vings, is extesded to the osecl-
latin airfoil ae. 2bis consists of essentially replacing the coatiammo
ving vorticity distribution by a series of narrov-spaa bweashe vortices, each
placed side by side, and each esi-Infinte in length in the dmwnstreaa dir*e-

tion. A scheatic represention of the borseshoe wartx pattern is shmm In
Fig . 2. Note that the aid-span of the leading edge of each br e wortx
is situated on the forward quarter-chord line. If the span of each beime
is made sufficiently smal in comparison with the airfoil span, the errors de
to this borsesboe approximation of the continuous vorticity distribution will
be halI.

The construction of each b vortex for the oscillating ease is
tale resl in detail in Ref. 4. Pbr computtiona cuelescIme, the span of all

the borseshoe vortices are kept equal, a&d the bound worticlty is kept of c-

&taut intensity across the span oeach horseshoe.

If the •w•g is made up of a horsesboe vortices, then the "rolea
of determining the wing loading beems that of evalating the a vales of
bound vorticity for the horseshoes. lb accoplish this, a owmnash condition
"at discrete points can be satisfied. Tese a points are chosen at the inter-

section of the rear qarter-ceLrd line of the wing owl the a lines defining

the aid-span of each horseshoe.

In parlicular, suppose that the a borseuaoe vortices each have a

span 2 , and that the rit vortex has an Intensity of bod vorticity

Srei t. positive sense for rr Ison by the azrow In Fig. 2.
w, let VVrs be the aerodynamic influence coefficient relating the Intensity

of the rt vortex to the dowmash at the st- G em stisfaction point.

MMn, the total muh at the .t- point, de to the entire wesie pattern

for the wing, is

v (t)v= j" Teict (2,1)

r~l

ax& this must be set equal to the poetric dovn.ah of the wing at point a ,

i.e.,

25
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can be organized into a practical ceLCulatim seee. Imp lsis is to be placed
on the handliJ of wing of arbitrary planform, inc1U4i both inpt ad
"sweept wimgs, ad wing with either straight or curved qrter- sad three-quer-
ter chord IaIs.

To accompish this, the approach used by Diedarich (Be. 7) and others,
in stuiying the steady-sete loading of thin iWns, Is extended to the osell-
latIng airfoil cae. ds consists of essmutially replacing the oeutintaos
win vorticity d istribution by a series at M a-span borsedwe vortices, eah
placed side by side, and each smin-Infinite In length In the Sometresm direc-

tion. A schematic representation of the rseshoe vortex pattera Is shown In
Fig. 2. Note that the mid-span of the leadIng edge of each hobrwse vortex
Is situated on the forward quarter-chord line. If the span of emk horseshoe
is dme -ufficiently small In coprison with the airfoil span, the errors due
to this horseshoe approximation of the contius vorticity difsribution will
be smal..

The construction of each horseshoe vortex for the oselflating ease is
considered in detail in bf. 4. Por computational convenience, the span of all
the bhrseshoe vortices ame kept equal, and the bound varticity Is kept of con-
"stant intensity across the span of each horseshoe.

If the wing is mbe up of a horseshoe vortices, them the oleaI of determining the wing Lo•ain beemes that of evaluating the a values of
bound vorticity for the hwoeshoes. To accomlish this, a 6oewih conditions
at discrete points can be satisfied. These a points are chosen at the inter-
section of the rear quarter-bord lne of the wing and the a Uses defining
the a•d-span of each lbmeshoe.

In particular, imlose that the a horseshoe vortices each have a
span 2;' , and that the rR vortex has an intensity of bow& wcrticity

re The positive e for isr isson by te arrows In Fg. 2.
Nv, let Vvrs be the aerdynanic Influence coefficient relating the intensity
of the r vortex to the downash at the ý &wmh stisAonpoint.
Tem, the total. at the point, &e to the entire ewsshoe pattern
for the •imn, is

and this mast be set equal to the geometric &ouwash of the wing at point a ,
I.e.,

MVAX T -6-
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[.IZ. ý (2.2)
C

vhere z is the dovwazrd displaement of the wing, and x is a rearvari
coordinate in the strea direction.

te result of combning Eqs. (2.1) and (2.2) is the a equatioas in
the a unknows ErI

-Vi i E1 r 1e a -t1, s l2, ... ,ma (2.3)
r=l

In functtonal terms, It is to be noted that the influence coefficients
Vrs depend on the variables

rVr z k b, xr1, yrs (2.4)

here x is the distance the point s lies behind the vortex r, (in the
stream direction), and yrs is the distance the point a lies to the right
of the mid-span of vortex i.

The calculation of the vrs is straightforward in theory (see Ref. 4),
but entails a considerable a.arat of computatioral complexity. As part of the
present prog•ra, a detailed study has been made of the mtheutical character
of these aerodynamic influence coefficients, and a convenient -ans for their
accurate tabulatior has been devised. The results of this study are otlined
in Appendix II.

Clearly, if the single-lifting-line theory were to be employed in the
desin office, a coplete tabulation of the vales of Vrs for varlus k

I/ ,dbý 'yrs/b voul~d be a practical necessity. (It is shown In tbe
Appendix that only a three-parmeter tabulation is required.)

3. After the a values of "r have been determined by solution of
Eqs. (2.3), the wing lift distribution uist be calculated. According to the
two-dimensional theory, the trealstory wing lift per unit span, positive in the

&w dseame, Is

M I '• 5-8-
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L= Lykelk[Il (k)],V,:w (2.5)

bere z?2) is aftimnel (2)ctonf the second kind ant first oader. This

irculatory Ift acts at the local foiwd quarter-ebrd linse. To get the
t 4e n l c uatory lft, the rr values determined from Eq. (2-3)
are substituted for p in Sg. (2.5). As mentioned earlier, the non-circue
lat-r lift and pitchinment qre alcaulated by twm-dimensional strip theory,
with no aspect ratio corrections being introduced.

B. Double-Lifting-Line Model ]
A. As is evident from the prior discussion, the single-lfting-line

theory coentrates on the deteraination of the circulatory wing lift distribu-
tion across the airfoil span. However, the theory has two mIjor sbortccmings:
First, it does not account for novment of the local circulatory center-of-
pressure way fron the for•ard qusrter-ebori line; and secoodly, it does not
afford aspect-ratio correcticas for the apparent mnss term entering into the
total win lift and pitchin moment.

At the expense or additional computational completity, the double-
li.tfing-l,,,, theory Is an attemp to reef these sbrema when calculati.g

litne win model has certain aspects In comon with the resoi employed by
J..em (Ref. 8) an Nlthopp (Ref. 9) for the steady-state ease. owver, even

wben applied to a vwng in steady-state f3m, the present model differs In its
details from the Umm discrete-vortex approach. te Nwilthopp model does not
rely on lifting-lines, but on surface vorticity distributims.

5. The wing notion at each spmnvise station y (taken in the min
stresa direction) Is assuaed to be a embinstion of pitching notion and plung-
ing motion. let B = D(y) represent the spanvise variation of the wing pitch-
Ing amplitude, and let bA , bA(y) be the spariise variatiom of the plungn
Ulitude of the win at the forwrd qoarter-cbord lin. 2n the instantaneow
wing deflectitn, positive dovnward, can be written as

Z =:b " ei v) t fA +, (1/2 + V) (.6z e~1 ,(1 ,)1(2.6)

where W is the circular frequency of the wing oscillation; t the time co-
ordimnte; and I Is a dhienslonleas coordinate local to each station, with
origin at the aid-chord, and extending ebardvise to the rear (i.e., parallel

f ADC 7 .54-29 -9 -



to the mi stram direction). Mw wing trailing edge Is at 1 ,an the
• - iit edgei4 t i -- I.

"" & nrt wing velocity relatIve to the mai strzi Is then

V(g) axS/at * (v/b) a/97=vY eiuh)t J i. cos4 (2.7)

wheme .- cosi, V is the man stream velocity, and

I M-ik + (l + ~0 ÷1 2

i
wbere k Ob/V.

6. 1* smtion Is -n mMe that the wing aerodyn8ics can be
described in term of "strip" thewy, i.e., that each u spmmise segmnt

. or th win behaves as If It vere In two-dimensioaal flow vith the eirdvise
ammmh velocity

i(e) . CK (t) (2 -8)

,reV~g)is te1 1owiwM) weicit •wigof the vs at the sation
undr consideration•, a T1 is the fiite l t-ratio indction douimab.

""te 'effectieveo Gosmau om the wing is tbe Ve) .

It is noW rth Msmed that the finite-aspect-ratio induction
01muh can be closely aw noximted as

VW m) p + 2pea TeJ (2.9)

So - o(y) n p - pl(y) are fntios of the slmwise wing cooriate
y . Men the effective doamvash becomes

= 2C 5•4-29 -10-



-e) [•,o Ne w ] Tei] . (2.10)

fte results or twodi ensonl theory then give, for the chordwime
pieure distribution at each station,

II e cot +40, mini 2 sin (2.11)

ohmra

% - C(k)(Po - Pw) + P,

1 1,

1 1 ;

and Ae C(k) is the velil known Theoaorsen circulation runction given by

c(k) 142)(k)

e win lift per unit spa, positive downrd, is then

L - - eA, 2- b(lo + a,)

" 27rp14Sewt c(k)(Po - P') + I Po} (2.12)

ndthe nsem-up wing t per unit span atat the forward qmurter-cbord
point In

AMc IR 5-29- -

i •I. !'

I '-



K =1 7,4~ A%2e'"u'(al m 1 2)

I2
f r %2 2 t P ', - . l) (2.13)

T. It Is - or interest to ote, roa, 2q. (2.10) that

4P 1 )te~ W e) (e)(21)

(e)
vhere --1 is the effective owmmsmh at the rear quarter-ebord point. Also

t= ( (2.15)

bere 1 ) is the effective dofvmh at the ul-cbord point. It also follolm~that

1:Vei Ot V (e) V.e) (2.16)

and

(_ 1 P1 )¥e't •1 •e) + Ilie (2.17)

?be lift and smas& per unit span cmn then be rwitten as

L -2wph jCk V ie)) + ik ~(e ,()}(.)

M6/ -- & -VIPr s1 2 "e)+ (2.19)

It is thas seen that both tie lift and the mmet depend on on the vlaes of
the effective downwash at the rear quarter-cbo point and at the *A-eLtA
point. - ote that this coMncision refers to the cobination of both cfreulatcry
and non-,erculatory term.

VADCfl51-2B - 12-



ined. It is cear that the ebrise points cheoen for dovnvash satisfaction

sbold. be at th mid-ebrd and rem quarter-cbord. So remaining requiremnts
which the comitruection aboeld satmtry are the folloving:

(a) lFr the wing or infinite Papect ratio, the
mael oboA give the exet remlt. for lift and nment.

(b) In ordr that the wake construction for the
actual alil and the wing be Identical, the sim of the cfr-

calatiom of the two liftin lin e shoulds equal the wing
circulation at each station.

In the Interests of getting up a eootationml proee1 of greatest 1all~lty,
the rdetionl striction will be Introduced that the positions of the lifting
lime d0 not Cao as the reduced frequency k of the oscillation chomps.

2e best locations for the lifting lines wold appear to be those
which are exmtly correct for the tuo-dinunsioal wing in steady-state flm.*
If the discrete vortices have the intensities P a 112 , where

ri" T and b - V

2 2

and are located at 1 - and i= , the equations to be satisfied are

(9)

- ) + Y2/ 92 - 0) -2 24 ¶/V] (2.21)

21mmse tbree equations ban four unknewass (' rl T2 91
hence, oae ubn my be set arbitrarily. Ar co" ptational convenience, the
location of s2 Is set Interneiate to the points of •mnvash satisfaetion,

i.e., g2 - IA. It then follow by elilination from qs. (2.20) throno
(2.22) tb,-t in etmanu by

* For further discussion of this point, see later discussion.
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t9 (g))~

or, since 4zi 1 4 g for Steady-state flow about the umcaidred ptofIlm, and

S' • " "_l_ 2.•1)

I.e., the forwrd lifting line should be located along the forwmrd one-eiJkth-
chord line.

9, rith the locations of the lifting-lins and the points of 6-
wash matImfaction fIred, it Is no possible to proceed with the construction
of the to-lifting-line model for the oscillating ving. Whis construction
will be accompshed in a fashion analogous to that used earlier for establish-
ing the singleiftig-Une aodel.

SCon der first the tw -dm ional win . For a total bound circula -
rtion Tlett ,tke o eNStruetio and wake In&-ontin are discussed In Bef. 4.

f portion r/r of tam wake can be imieda to be associated with the fm-
ward lifting lion, and the pwti~m ~''r can be associated with them rear
lifting-lioe.

ha in Be. Is, for cmutational convenience, the vake cwponents -e

to be extended vp to the lifting Liss tbemselves. is must be done in w
a fashion as to pvnrve the prope mnwaituae of the walm worticity at aln points
behind the wing triling edge. At a distance f behimi the trailing edge, the

actmil wake vorticlty is ikre-i) e1 "t .* ýNo let If and Ig be em

oordinates with o rigins at r and • •, respectively. xtending the wake

up to rl then gives a , orticity distribution of I rr, V
the J'l wake e'rnn1; extendin the wake up to r2 gives a vorticity disLri-

bastion of ik reWY-34k(3)ibit fa h 'wake emponent.

Phal We. Ii, the meredyand downash velocities Wnand 1112

at 1 -O and 1z/2 ,respectivelyr,due onlyrto the w ake are:

Swaeat ....

S5ee ef. (5)

W 7C ~54-29



- Ike3(3'/O).- re1ult (2J5)

Iue to vake t i-a1/2

4

Analooumsly,

Thuto 4 wake"a i-C

nakG(47)-kA)e"t

1kiUt 2.r

Dueto 42 vakeat i=O112
Dikl -o eW2 -n~ra r.A - le240

4bere G(u) •s•defied by (2.37).

Net c ider the d&vmk d to the r1 aC r2  ftlg •jm.
In order to cntruct the mdel in muh fashion that the t-o4aeamsinmal air-
foil theory is eetly duplieated, It wIll be found neeesary to multiply
the X, and inAuctions by the anefpiewrial factor S .. (k) .Me

the downwash coutributions V1, etc., of the lifting Iii (bound vorticity
contributions) at i = 0 and Z = 1/2 are readily foarmuated as:

Duieto y at 10: be"' Jit/ [2 v( 3 /I4 )1 (2.29)

lW y

Due to 4l at 1=/2: 2 (5/i4)1 (2.30)

,W t

Due to t at 1=0: D~ie 2tqf2M(1 # (2.31)

Due to JY2 at =1/2: V2/ Be" 't /2V(l/I41 (2-32)

=A 2R ~54-29 -15-



?b eqitiom governing the construction of the twoo-dimnasioal
oacillating wing moe are then

A(,{QI/3) + ik elk -G(3/I #}-42PITI+ ik -elk G(Ak/J)}=27f -so/A

(2.34i)

1k 1k (
t 1 {(0/5T)i. + . G (5k/.4), I{. ,e .42 1( A:., / ,

(2.35)

where

,(k) ='-irk- (k) - (2) ( k (2.3)

a 2), are ( functions of the second kind. ?be fuction G~u)
is defined by the relatlon

G(u) =- ci(u) + i S(u) + (2.3T)

vir st8 and ci arm the "sinus ntegmswa!S and "cosinus inerls" raw-

' tions, respectively.

Equtlons (2.33) through (2.35) wre three inhtmogeneous equation in
the TI~ee unkwvwu i , Y1 , and 4(2. By =~ evident algebraic manipulationi,
the three equationt can be converted into a qumdratic in i , of the form

CJi .C 2ý + c3 =0 (2.38)

where the coeff cients el , C2 and c3  are each functions of both k and the

ratio 4u)/4g) . "e ,e the E roots of the quadratic are likewise dependent
on these parameters, i.e.,

, ,[ V, , 1,),, (2.39)

Af .
VAD 7R5 -91



It Is mWlar that the ctor i serve the am t rob in the

t-tizag-l1lz the tme t thU ftet it(k) 013k/2 an V a tn sinle-
liftMIS-le tb=s, WING, thu f 1 1s i nlkVOMe whm cMdIag ttm
moh dm to t h baud vtorei . hm a ausizrs a wing of Infaite aspect-

MUt by the tw-UM2--Umi MD4, th a t results of two-imsioml oweil-
lINg wing theory wILL be doplUuted.

Nt.b ow, ar. thet 1 doon both an k and on the ratio

4I~)1s4s) . So seom Prmoe WavE'On a qmm.-si:.zf tMp cosideration

Into the two-lMIt -liin procedure; this, aotfCou , is to be expected from
tM matur of t a mo awutioa of th teoriy.

Note alom tht the ratio V, )440 is determLned by tin local center
of rmtation in pitch of eaeihng stati , , for deslo-office use, a
tsebiation can be pmepared or i valms for various k and also for various
win rotation centers. Depending on thu sol sh , this center of rotation
my very all along the sMpa.

Finaly, It Is to be noted fron Sq. (2.39) that tso vame'of i wre

ciitdfor sack k and. he!/(g onbnto.A k 9,0, owe of the"e
va•ms iU aproaeh unity, %bl the othsr •11 a1proach swo. Only the
1sa p•asicualy ible soulAbeu ical
vaibms of i , calculated for pure trmiztor7 wing plunging, are shmin plotted
vs. k I ig. 3.

10. It is a possible to outlin the dooble-lfting-lim procedure
for a finite win of arbitra pluanta. U discrete borshoe rtex is owe
spin used as a basis fr thu calculation, as a smans of simplifying the pro-

inw . Nresehoe vortices ame placed Won the 2/&- and 5/8-ebord Uines, as
show wmehsticall In Pig. 4. Nor conveience, all the hosesimess we made or
equal soan, aen the n satistaction points wre taken at the orssboe aid-
sp stations. M wke for each aseu tis ceapoed In the m inner as
In Ow peceding Sectio 9 asulpi, and the ilaetion to each vortex is
calculated by asiag that Ame to the vain, plas i times the In~tIon doe to
the c entrated ba vortIcity. Sof com-utsg the duoinsh at a
point on the "ing to L each horseshoe wotx Is outlined In 6etail In Appendix

Em rlet a n aeshoe be used along the 1/8-ehrd line, ant let a
horseshoe. be used alo the 5/8-ebld lie. let their boune vorticity inten-

"sities be Pri r)t and r2rcl't respectively. lext, define the follm-

USg aerodyamuic influence coefficients

S221
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I ) = influence coefficient relating strength of bound

vorticity at /8-c.ord at rA station to dovn-

wash at 1/2-cbord at sa station.

•12) = influence coefficient relating strength of bound
vorticivy at 1/8-chord at r!# station to doVn-

wash at 3/i-cbord at a- station.

(21)
) = influence coefficient relating strength of bound

vorticity at 5/8-chord at Al! station to down-
vash at 1/2-chord at s0- station.

(22) o
-v~ influence coefficient relating strength ofbound

oticity at 5/8-chord atr saintdw-
vash at 3J41-ebord at Sit Station.

wjef j) ls•) geometric dvýmh of the wing at the 1/2-chord h at

station a , and V& is the ponetrie donwash at the 3/4-cbord lne at

station a , the unknovns Ilr and 1rgr are detersind by the 2a equations

r=1 r=l

e(g) V )!v(12 (22) ~

r=1 ral

c a 1, 2,•. (n)

Im caculaion o tkoInfluence coficet (1r tc n

volves the same euplexitie. as encountered earlier Aen daling vith the v.
of the sigle-liftrtn-line tbeoy. ~Appendix II outlines a proceure for el-
culating these coefficients an the basis of mtettca1 functmios already tabu-
lated elsevhere, plus certain readily tabulated new functions. For design-office
use, a cowlete tabulation of the Vv.rs functicn would be essential for con-
venient use of the method.

SUM 2B5I4-29 -20-
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11 olwn acltmof the and P from Eqs. (2 .40),
it remains to olculate the esm e distribution or wiz lift amn pitchin

maa tis Is done thmw~gb use mt Eqs. (2.18) and (2.19).

At a particular station r , the effective dammsh vel1mities (e)

and -•e) we- first calculated. se clearly depeni only on the values atIj and r . t that station. NYca the discussion leading to Eqs. (2-30)
and (2.35), it Is seen that

2 T a + ikeik G(3V 4.1
V Vbr 3

d;e) i V)

+ b -• ý + iaelk G(-k/4)) (2.1) j
and

___ ik/2

*1 _ _ 1

22r- Aire JI ike *r
V Vb 5

+ tr 0 i +DRIk/2 Gkh (2.42)

Substitation Ce ý and Vie La Eqs. (2.18) and (2.19) yields the local

values or L and ! /

WP V~C 5k-29 -21



M nLIL.. ANALYSIS 1,M MI VIM M AND A CUEMISMC
-MM TOM AMD WM2INT

1. In order to appraise the aearacles of the various finite-aspect-
ratio aerodynamic theories, flutter anm]Jaes vere eonacted for nine model vi.
Each of the model wings we flutter tested in a vind tumel, so that experi-
metal flutter speeds and frequencies wre available for eamrison with the
calculated values.

Ofthe wines dealt fith are all of the balf-span, tjIpmei type, i.e.,
the roots op ithe mnels vere monted into a planwetunnel th. Te spect

ratios quoted in this report are eot f fr the actual model wi s, but are tsilce
as large, representing the t plus its auxiliary "5a' half. Bnce theaspect ratios correspond to full-span vig fluttering in symetrical flutter

j[ modes.

-O tre nine wings, four are of the s tmi-ritd type, i.e., the anrfd l
is rigid, and is hinged at tts root by ..ni of elastic springs permitting
flapping and pitching. Two of theme four vinge are unswep, vaile the remsia

:! "Ing tvo have 45" sweep-baek, and are dffrled from the unsvee• models by simpl
rotating then by 45*.

S•The ressining five vings are of the elastic, catlver type, and V=e
S•mounted so as to be rigidly built-in at their roots. These vings have sweep-

backs rang between O" and I&5.

All of the nine vings are of the "uniform wing variety, i.e., all
* have unchanging inertial, geometric and elastic properties over their entire

A general description of the nine wing models is gLven in Table 1I,
and a detailed listing of the mYdel parameters if given in bLble II. Note tint
the aspect ratios for the nine wing Models range from 2.5 to as high as 8.1.

Note that the ninth wing actualy coprise three wind tunnel models,
Nos. 9, 9a and 9b. - he parameters fcr wing No. 9 are those of a modei scheduled
for test at the time these calculatizo r undertaken. Sis model vas sub-
sequently lost duing the tests prior to obtaining any flatter data. Wings ks.
9a and 9b were to replace No. 9, but the& parameters were changed slightly.
Also, for the latter wings, a second bending mode unfortuntely close to the
fundamntal torsion frequency mede its appearance. (See later discussion)

WADC 2R5ii-29 2



TAB II n

iEIWAL MCRI0NO OP Z3 MIA WNGS

model Genral Description and Reference

"1 Model described in OW Neo Rep. TAC5-i-595-2-5 (Ref. 10).
Unswept uniform wing mdel with constant chord and of the
semi-rigid type. Locatoui of flapping axis: 0.1563 ft in-
board from wing root; location of twist axis: 25% of chord,
masured from wing leading edge. AR = 8.1.

2 Reference: same as for Model No. 1. Model bag 45" sweep-
back and is of the unifora, semi-rigid type. Model No. 2
is derived from Model Mo. 1 by rotation of the latter
through 45' about the norsl to the bending and torsion
axes at their point of intersection. Wing tip is normal
to the leading edge. AR - .1.

3 Model described in USAF Mm Rep. TSEAC05-591-5-1 (Ref. 11).
Unsvept, uniform wing model with constant chord and of the
semi-rigid type. Location of flapping axis: 0.3333 ft in-
board from wing root; location of ,twist axis: 35% of chord.
AR -6.2

4 Reference: same as for model No. 3. Model has ,5" sweep-
back and is of the uniform, semi-rigid type, obtained by
rotation of Model No. 3 through i45 in the m manner as
Model No. 2. Wing tip is normal to the leading edge.
AM 3.1.

5 Model described in MiCA Bes. Meo. L5OCl5a, June 1950, (We.18)de-
noted there as Model 152A. Model is a uniform, unswept
wing of the elastic cantilever type. Tbe wing is rigidly
built :in at the root. AR =.o

Model described in MACA Tech. Note 2121, June 1950, (Ref. 12),
denoted there as Model I4A. The model bag W5' sweep-back
and is of the uniform, elastic cantilever type. Wing is of
constant chord and is rigidly built in at the root. Wing
tip is parallel to the gain flow. AR :.O

AXC TR 54-29 -23-
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t!
2Mz ni (Concluded)

Model Omeral Description and herece

* 7 Model described in MWA Teeh. gote 21 (se. 1i denoted
there as Model 13. Irsg Is of the unifrem elastic canti-
lever type, ma 30V weep-back, aM bas a wing tip parallel
to the strem direction. AR = h.0

8 Model described in RVA Tech. Note 2121 (3et. 34, denoted
there as Model 2213. Model is of the miforu, elastic
cantilever type, bh 15 smeep-baek, mnd has its wing tip
parallel to the strem direction. AR = .0 .

9 Model described in Siplewental Aajeemt S 2(53-321) under
the present contract, denoted there as Xample No. 3. wm
is of the unifcm, elastic cantilever type, with strem-
"wimse tP, and 45" meep-back. AR - 2.5

S9a, 9b Models similA to above Do. 9, an descr9ed as Models III
and IV, respectively, in WADC letter, KWY, 1 July 1953,
present contract.
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2. All of the flutter analyses wee conducted on a tuo degree-of-
freeam basis, employing the fudmental, unoupled win bending and funs-
mntal, uncoupled ving toion nodes as the mmerlsed coordisetes. Since
the vWi bad been chores so that the frequenies oa all hig soma are

well above the frequencs of these fundmental odes, the uen a a two degree-
of-freeam analysis is matifiable. (As already mentioned, this condition vs
violated throo& error Is Mdels 9 and 9b. See later discussi•n.)

The sade sII for the elastic emtilever sodels were not determined

ePr1sntally, but we Instead arrived at by theoretical calculation. Te
wings being uniform, the sbapes In question mrely correspond to the funds-

metal bending sode and fundmetal torsiorn sode for a uniform bar.

Estimates of the damping coeffic ts appropriatefor the various

smoes wre supplied by the sponsoring agency, after inspection of the sodels,
or oe determined by actual decay tests.

Since all of the flutter analyses we based on incompressible air
forces, a correction for copressibility effects Is required befoe comparison
can be mad between the calculated and experimental results. Mats ws dose
op the basis of the Ptandtl-Glauert rule, is the manner outlined in ]Kef. 2.

3. In the Interest of brevity, the detailed calculati' for the
vario analyses are not presented here. lower, the folloving remarks
outlim the manier in which they vee carried out.

The equations f notion were derived in conventional fashion, in
the - outlined by SmIlg and Vas-eriun CIef. 2) for the umpt ving,
and by sielberg, ettis am liTney (Ref. iL) amd Fettus (Bef. 3) for the
suopt "ing. aerodyn c treatments in these references are all based on
tuo-diinional strip t~heoy; vhen a different aerodyamic theory is employed,

the Sinralized forces Isa efs. 2, a and 13 vast be reinterpreted accordingly.
Te necessary theoretical changes are evident and need not be dlt vith in
detail here.

In the work which follow, when reference is sade to te *two-dlwen-
sionsl strip aethodo, it is implied that the aerodynamic treatme is based
on to.-d.mensiaoml strip theory, the strips being taken in the sbeinvise
direction. .. calumlasimal procedures are described In detail in lefs. 2,

* andl13.

?be natures of the W"asserman-Reismer" and W erma t"

aeroymmic treatments are outlined In Appendix I. 2e two differ only in that
the former uses the Relsmr theory (Refs. a amd 6) to determine (F + 1)3

VAX 29 54-29 -2q-



uiatl tin latter mkes use of the Biot-Uebal In thary (Ref. i) for this
determatiot . rhe miner In ibich thes .eroymyic approaebs awe intro-
feed, Into tiM flutter analvoe is discussed In iwujix I. In both eases
the stead tbre.-disumin al circulation distrilbmstic we calculated by
the Vetastdr mntbod using 15 points across the span.

cosiarrims snut the ial-ttg-imomtbod, this is obvious]Y
based aerodalmuically on the theory given in the preceding section of this
report. Jr the nowrics, tim wing spen (hLel eais twlee the actul span
or the half-isege models) ns divided Inot* eleves equal. increments.* A discrete,

* oseiti horseshoe vortex ws exploged withim each of those eleven speouise
intervals, and the dmow ah stisfaction points vee chosen at the nld-span
or each interval. this affords eleven points or amenwsh satisfaction, equal
In naMber to the der of vortices ewplcqed. Note that the eantral dimm sh
pljint thes falls at the exact oid-span of the ming. fte dwomgah int.aenee
coefficients for the single-lifting-line ethod were calculated In the mnzer
described in Appendix Tn.

In carrying out the aerodynamic analyzes, advantase vas taken of the
sy3ntrical. character of the flutter nodes. By symetry eosiderntiwos it Is
evident that the intensities oa eseb pair of luee" vortices are equal; hence,
only the intensities of six of the eleven horseshoe vortices require evalua-
tion by solution of siualtaneous equations.

Once the spanvise distributions of lift and pitching-moment vere
"evaluated for each of the generalized coordiuates, the technique of flutter
analysis was carried out in the Ref. 2 ma2ner.

Finally, for the double-lifting-line calculations, eleven discrete
horseshoe vortices of equal span were distributed along tk one-eligth chord
lime, and eleven equal-span vortices vere distributed along Ic tive-eighths
chord line. 7he dovnash influence coefficients zere calculated according to
the Appendix nI formulae.

In evaluating the bound vorticity intensities, symtry considerations
permitted the number of simltaneous equations reo.airing solution to be reduced
from te-tvo to twelve. Emetheless, it is evident tbot calculations by the
two-lifting-line approach are tedious and require that automtic calculation
techniques be enlisted for convenience.

. A suary of the results of the flutter analyzse for the nine
wings is given in Tables IV t•-M1 . The first two tables list the calculated
and experimental flutter speeds and frequencies, while Table VI and VII give
the rstios of the calculated and observed values. Table VIII lists the computed
and experimental reduced speeds V/b .

VADC 7R54 -29 -28-
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A typical V-9 416us, frw vIM N~l 5, is ~ain 719 5
em abspes f"r thi vbw we gsiw in Ji. 6, abila Fgs. 7-1.2 Wsnoent

son resuI.t of the suoymemi camlUtios for Mbdel 5 mori to both

the mi~ag)m-sdoml-l*irtin line tIeVortee.

gwa Model 5 remita are ftrairty PICS1 of thl vW1ri01 VING Cal-
culatem, anA Figs. 5-13 we IntemAD to giw* MO hyuiml Iad~ into
the ebzcter or the amfise pal.fmee of the vIM emrftnin to the

*i,,l*M-4ub11ifiagUs thsoris.

Ax mnlysis at the eomelagi. indicated by 201"e IT is VII and
sJVI. 5-12 Ia lot fOr the t ObetIOL Of VI reprt

the *tW. ,• p-m P INS started vi the VIM Of e almst th wits

of the Vmssrma puoceet by flatter%-alysg mdelbos 1-6 by t-4iin-

alami strip theoy, awd by at Ikseemait mad Vs~-b ro-
cebedmv whflile fthes mcalmltim. Uwe own my, the mumgle-limma-lizo

* ap~ehUS evelovd.

soe singlS-ufts-ine-I tbmory we mot applied to Mdebls 1-4,,
i qmeslmbsed arisens rewo±g the mato oa the f•om is th• wt reOgm

of tfese mwL-ri'Lt wing an , ad ute a•umey of €ommentiol, lump-
typ flutte anlyses we Op to Ia$-I I Name, 5~Modlf 5 Sa. 6 goe
sated by the am theor, Models 7-9 blon albA after 08 pvr~eluiry
trials m~mme pmedmeA.

FinsU7, *a the ae-lim•-aig theoy mi &emuv, ocal
Model 5 vvi am3yzed prio to eolmdl at the Ib~Tis model ma
ehbm, saim it ma felt thet the initIal epiation of U th ty shouWl
bme baead oan met isin.

Mn. MomXM8

1. Is asalmmUf Us awit. at tie vaioaa motbods ft. flutter
minyats, the Wapismi ahsom be moei fram tw stankpoinst: irrst, from the

issipe"s point of vis, ODA aftd giws closest. amailatica with te ex-
perimmew ale fti S"If? wei, vIama~y, is ah CritUlriormosit P"Sing
interest to the pmeticIft sgifter. at isemay Irfortme, Odi"), m fumr-
ther evibem atwf the bs bllity at a Vrom gasfth a~d md for am In mW&
Imtamm - the ilad"at •o tlI -flntsr tests, interst is also emsered

* in dw n th flate syed earrelation is mccagenied W agreemt betwee
the ealemisted ad served flaetter ftvgmieda" a& she apes.
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A Ne•ad bssls for em•stlon is f•s a more • sts•-
poJ3t and eentars • the ebolce of s • vblch best 4•-lbed the detatis

of the pl•81cal pbee•mema involved in the fktter mecbaalma. Is the present
•, it in felt tkat the inertial and elmatlc portlc• of tke meebanln

m •rlbed with 8oo4 mcewmaey; hence, tke character of the remult8 should
be Imllcative of the 8ueee$8 sehieeed by tke •arloua methods is deoertbt• the
•roeTm•e • of t• InUlin. In •merel, it is to be expected t•t the
•allty of the flatter leeaictlcma • • as the •€ treatmnt

Smore mearly •lcally valid, mml it Is Intereatln6 to amlyze the

Sf• to •eralno •etber they es•'Irm • expectation.

2. Before la• wlth the •tlon of the •rth of ".he var-
I• flutter 8asl•in netkods, it should be recognized that eemeluslon8 are to
be tMed on a eonparl• of calculated snd es•erimental flutter a-ta; hence,

the aeeumey of the lutt• is of cardinal lu•rtance. In partleular, the
merit of • calculated • of flutter speet or f•eq•mey •t be appraised

by e•parison vlth the eboerved value plus cr minus the applicable raz•e of
mm•Mminty of the exImrtmntal meamn•nts.

In the esse of the models dealt • here, there is eme• reason
be!i• that the wLrto• test a•enoles use• both care and skill In constructing
the teat item and in eL-tying out the flutter tests. •e•ce, tke eecuracles
of the observations are mm•abtedly repremttve of the very f•nest of cur-

rent teat practice.

3. It is now pertinent to examine the results ahown in Tables IV
t•o•h VIII. As a sta•t• polnt, €onslder the unswel•t vi• m•mla, i.e.,

;•elJ 1, 3 and 5.

Nodel8 1 snd 3 •ere analyzed only by the two-dlmensiomal strip
meted and by the tvo wk•attona of the •aa•an proee•nre; N•el 2, on the

other band, was analy•ed o• the basis of all • the •€ theories treated
int• stu•.

Consider first the results obtai•e• from tvo-dlmnalc•al strip theory.
For the un•ept wl•s, the predicted flutter a•eeds sre al•ays e•sermattve,

i.e., are always lover t•n the observed •. This, of couree, is s desirable
feat•e for a •alKn •e, provldin• the de•ree of eoeser•tima is not
lur•e. For Nodela 1 • 3• the extent of •ervatlma 1: on the orator of • per

cent, s•ile the flutter m•eed prediction for •lel • appemrs to be about 10 per

cent. L•.

The flutter freg•ncy predictions •y strip theory for •deis 1 a•l 3

sppear to be definitely 1-•, by soae 10 - 1•[, •hlle s 8m'prtslr, Sly close

wAUC • •-2• - a• -

Ii I I• ii .



frequency prediction is achieved for Model 5.

Tarning next to the two Wasserman Procedres, it is seen that the

flutter speed predictions are all unconservative, I.e., too high. it will

become alrent in the later discussion that this is an undesirable cbarac-

teristic of virtually all the flutter predictions based on the finite aspect-
ratio aerodynamic treatments. Comparing the two Wasserman-type methods, it

is clear that the Vassermn-Re~ssner variant is superior to the Waserman-Blot.
For Model 3, the Vassermn-Reissner flutter speed prediction in about % high

(uncomervative), while the Model 1 and 5 predictions appear to be som 10 - 15%
high.-

An regards flutter frequency, the Wasserman procedures appear to
result ln better areement with the observed values than does the tv*-dimen-
sional strip method. On the other hand, most of the predictions lie outside
the rae of experimental uncertainty.

Te Model 5 calculation based on the single-lifting theory

appears to offer a slight Improvement over the Wasserman-laismer calculation,
both with regard to flutter speed and frequency, although the speed prediction
Continme to be undesirably unconservative. It is pointed out in Ref. 4 that
the pri-1ple advantages of this theory should arise in the treatment of
sharply swept wings, and this will be borne out in the later discussion.

Because of tVe tedious nature of the associated mnmerics, only one
wing was analyzed on the basis of the two-lifting-line theory, this being
Yodel 5. fte results ahov a definite improvement in flutter speed prediction
over all the other finite-aspect-ratio calculations, the flutter speed being
in error by about 5$, although on the unconservative side.

O the other hand, the flutter frequency predicted by the tvo-lifting-
line p.veedure is sow 15% low. This result is a disappointing one, and is
discussed in more detail later in this section.

As a general conclusion the preceding results tend to Indicate that
design office flutter analyses of unsvept wings shold employ two-dimensional
strip theary in preference to any of the finite span flutter theories tried
here. 7his method is a well knovn one, is relatively simple to apply, arA
also affords results of good accuracy and moderate conservatism. It is in-
teresting to note that this conclusion merely confirm general practice, which
is based on the broad experience of many design-office analysts.

k. Having examined the unsvept cases, It is next of interest to

inspect the results for the most highly swept wings, i.e., Models 2, 4, 6 and
9, all weth 145 sweepback.
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An examination of the flutter predictions for Mdels. 2, 4, 6 and 9b
shows at once that the use of tvo-dimensional strip theory for shrply swept
wings is generally unsatisfactory. Vith regard to flutter Speed, the results
for 1odel 2 are satisfactory, but the predictions for Models It, 6, sad 9b re
conservative to the unacceptable extent of sm 3%. The flute frequency
predictions by this method are also poor.

Considering next the Wasserman-flismer results, it is ow that
flutter speed predictions ma this basis for the 1&5 swept wings fth in the
range of from 80 - 120% of the experimentil values. For Models 2, 4, 6, the
recorded flutter speed errors are 1., -4 an -18%, respectivell. The flut-
ter frequency errors for the same models are -20%, +i$, and +15, respectively.
The excellent predictions of both flutter speed and frequency for 1odel 4
vould appear to be coincudestal; in general, application of the asserman-
Beissmer technique to sharply swept wings Goes not seem promising (see later
discussion).

The second Vasserman variant, namely, the Wasserman-Biot method,
also does not appear to give results which agree with the experimental obser-
vation with any consistency.

Turnin nog to the single-lifting-lin theory, ealculatioca are
available for Models 6 and 9. For Model 6, both the speed and frequency are
predicted with excellent accuracy. For Model 9, the agreew-nt betwen cal-
culations and the Models 9s and 9b experiments is not good, but this my not
be due to incorrectness on the part of the aerodynamic theory. As already
noted, the second bending nodes for Models g and 9b have frequemies close
to the first torsion mode. Bence, for accuracy, a three degree-af-freedom
analysis my be required, whereas the present results are for only a two 4e-
gree-of-freedo. treatment.

In order to check the validity of two degree-of-free-o calculations
for Ncdel 9b, personnel of the Dynamics Brancb, Aircraft laboratory, VADC, con-
ducted two-dimensional, strip theory calculations taking into account (a) only
the fundamental bending and torsion Modes, and (b) the first two bending nodes
plus the fundamental torsiom mode. The results of these calculations are
shown in Tables IT-Vill, and tend to indicate that neglect of the second bend-
ing node as a degree-of -freedom does not lead to serious error. lence, the
opinion expressed in the preceding paragraph my be unduly pessimistic.

5. An examinaticn of Models 7 and 6 is now of interest. Model 7
has 30" sveepback. Using tvo-dimensional strip theory, the calculated flutter

speed is approximately 35$ conservative. This is in general accord with the
results obtained for the 45 swept wings. On the other hand, the single-
lifting-line theory yields quite excellent flutter speed prediction, altbough
disappointing flutter frequency estimation.
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Model 8 his 15' waspback. By t 4m-dmensom' strip theory, a
w% c ermtive flutter u is predicts&, iUs a flutter r.m
predltion is asomata vwithI the ran or ezpaintel uncertainty. Mw
sing]-UIl-tisg-liin -1 ry gles re•salta we a $ 1!% uncoaervtue
In f, att speed, and iek we 9% in erro in natte peaty.

6. It Is themm from the ~ept wing s#tdea tbat a comiseing
argument mrges agaist the of two-ime il strip thecry for slarply

~1 vmp nw , Also, bot Wamermn pwoceu s appear to lead to erratic We-
dictiom which ame yesrally unatistfatory.

2M si8gle-11f-if-11ii theory appears to otfer ost promise for
sherply swept viqn, a is Ilmcated by the remlt. for IMdls 6 ad 7. 3ov-
ever, evmm with this theory, the flutter frequeny predictions are at con-
sistently satisfactory.

7. Finly, c the variom aerainic tratmnts from the
point at viem of their the tical mert. To s erm procedures are
clearly .mal-epirical, as Is evident fr the ~Appnix Idiscussion. Nne
they are difficult to appraise on purely rational ons

As regards the to-41mauiol strip , this Is characterized
by neglect of the sereogmd later-action bIts the vorticity patterns at
and behind the vaniom wing stations, i.e., each wing station "iees a two-
Alum si1. (infinite spas) 'uorticity distribution. It is to be expected
that this aproach will lead to the reatest erro for sharply swpt wing.
(see Bet. 4), and the presest results confirm this in convincing fahon.
On the other hand, for un t vings of moderate to large apect-ratio, the

Serrors will be smaller, and In fact appear to be within the range of the
required design office accuracy.

fte single-lifting-line theory =s developed to haes particular
applicebility to sharply ~pt wings. or sc cames, it bha a generally
ratiomi foundation. On this basis, the satisfactory agreemnt in predicted
flutter %*We by this metho for Models 6 ad 7 is not surprising. Nowever,
the poor agreement In flutter frequency for Modl 7 Is surprising.

Ue double-lifting-line theory shold be the most theoretically
satisfactory of all the mebos dealt with In this progrsm. Notever, the
Model 5 remlts do not appear to bear out this espectation, and because of the

elaborate nature of the calculations required far the ethod, only this single
eae could be attempted.
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An oddity of the M l 5 calculation by the doubml-lifting-lnstheory is worthy of special mntion. As is well k n, the caracterimic
roots ct the stability (flatter) determinant for a tvo-wdee-ar-frmedm
analysis awe two In nuber. In the wthod of flatter analysls employe inthis stub, the reduced aspee" v/b) is used as a variable parmeter in
determiig the values of the deteralmant el . A plot of the erac-teristic roots vs. I/bWO Um yields two distinct stability br•anbes-,
ad ame of these branches la to the flatter calition.

It was noted that an double-lifting-lime ealculations lead toflutter a1010 a different I -- than do the calulations by all the other
method. Ohdi resulted in Odkblng bacIk of the V/btJ vs. g plot, whichis an u al beblvior for a wing bending-torsion flutter cae. r ac reuons
for this coold not be resolwA, althouh special effort us usda to inue
that the db*le-lifting-limm ewatations are free from error.

8. An ensimgtiom at Fli. 7-1l is now at interest &a ems ofecaprIn the predicted mer c performance of an unsmpt wing on the
basis of the .sinle-and-do e-lifting.llne thear*.

I gS • 7 and 8 oh tint the paitudes at the spanwise distrrmtion'of win circulation for the bing and torsion mks, according to the two
theorles, do not differ grtly. This Is to be genally expected. & the- other heU, particularly for t torsion nods, sue phase differesces between
the tw circulation distribautii are encoantere.

The spaINise life dlfsbiutiow for the t Modes ashown iS Fli.9 and ID, 0 s0w bstantial &difl 0e8 wn calculated by the tuo m.thad.Note that the tvo-lifti.-line wethod leads to geter tip-unloading than does
the on-11fting-line procedure.

fImlly, FIs. 11 Mm& 12 show the spameSIe meent .distributloss for
the two u la, am calculated from the two theories. The differences between thetwo -h are qIte evident bo, in lima with th theoretical expectation.
It Is Imeresting to note, h r, bow the agreeiset In calculated monts
SWroe 10 te ving tip reioM is app•oaceed.

IV. COMIM 
--Q§DArMJ

1. On the basis of u studies reported be, the following con-
cuBsiem q nr in order:
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a) Pr umvOAt, or ulightl~y swept wings With moderate to lsrge
* aspect ratio, design office sibonmic flutter calulations should prestly

v.- based 00 tYo4- imil strip theory for tho aero&maic treatment. A

moderate aso acceptable lgee o conservation i to be expected in tie flut-
ter speeds pe•eicted an this bads. The predaited flutter frequecles will
not, homem, be dependble.

b) Usmasermma procembc, the siqage-i~ftigg-line itbod, and
the doole-Iiftiag-lim method should not be msed Ar the flutter analysis
of nwpt or " bly new wz.w of reasoable to larg aspect ratio.

e) fr shrply samptw vwi (say 25" or greater ee)with m rate
to Urge apect ratio, the ulIl-lifting-lime theory presently offers mt
promse fbr the aerodymic trea•mat of the suboai flutter problem. ltwver,
this emnelim Wst be rerdd as tentative until further confirmatiom is
acieve by aitional trials. In umeral, the calculated flutter spees w-'U
be emomird*27 awe iepenble then the calculated flutter frequeniue.

4) %aserima procedres appear to be unacceptable for the
treatmet or w•u with subsantial weep.

2. Sw following recmendations are mad regwrdlng further de-
sliable remarch studies:

Fa) ie lv e-lifting-lize th•ory shoulhA be aolied to additionl

swept ics mes, In order to further evaluate its accuracy and dependability.

Ul4 the theory contine to show good accuracy in flutter speed
prediction, the mthod sIhol be routinized for *les1P office mse.

befurther aemimad, wAn calculations for ~ ig hudbe carrid out.

e) Own depenadble awsreet become available of the pgge
dsrbto at' Uf and pitching •mens an oscillatin viagg, these resultsSb c ri with the p oft•e tingle- tad oubre-yston-

ln thok. Bach comparions wil pas t direct evaluation of these

theories, and my also point out the directions to be takeW toward improved
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I I

,,ovr •,,a.•.v~ w% 2. -,oT.a.,,(v5 - ,,,) (1.2)
L'

I", " -""r 2,- • -. 13)

I~mre is the local lift-caft~smaetsumoe or the wl, is tin I&.
tlowtyor-th sseme hrtsx, w. In the :ln, d .. • mmoo the ingL atthe root, W1, is the =L me4 ma at the ro-ot aiuiq from F,

0V ban the obius dhfdalUce.

Em, in um with sq. (1.1), mnou thre

2 1 (xM)

ESp. (1-2)-(1.4) am be comileroa ms ts oqastioms in the Uw ueugu
, , 0r . ,LC their solutISO& to the result

b 2
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that~~~ M-AadIn

Raawr Noam t If Orwin wigna Nag td as01pe h q 15 OI

8 27

It is orf wtbw Interest to MUt tWu If temadmition or time sa lift per
imit @aps Is replaced by the eOMMiMti as sum total ift fom teWINg
and horseshoe wa t han it ema Owe thsat, for all wimpa,

L=~L (x.8)

4) Nserema, bowvem, esuxtsa hisi mystas emthe bas of sq. (1.-6),
pr-eona a reeemo3w r.

d) ft60 1 - IsM s I@ am M- jam or taw remits derived

InO b tesmtwuaet the awprohmi. Fo example, the V'k or Ralaair
(legs -, 6), ift Mo0011 a 11014 rIsMON lift or resmingf, my be emlayred..
In U rest PlOS V, th vw of Oduimer =A of Blot sand Subeain a (1. 14)
is catisal fbw Mth stop to be ftewnribelhe.

bma1#IXin a reetoufilur win, wdth circulatioa hlattlbuticm ow-
reasomlim to a saI Vortex a o IfbMil intsinaIy F M w in Mtep 3,
alum the kbImm r w tM Nt sal Modmiaia theory is wedI to derive ma
(1 + Xji) 'his rqWesmsUta t baebwiw of the thmeedinimlom wing. Pw

eam& wing Pspest-wst md for eatch ý aee rreqimoy anspprorimte (?.+S2)3
NIMe emw be6 0401" wigmt AlffimltV. ft a detailed OLamMasnato hour this,

'a accomplished., me kamerna's Original beatment, Be. 1.

Tablessor (F+ 303 vs- Al vs. reaued i~sqfreqi can nowbepwe-
* ~perel for masy refermse, so that for =w values of 'affoeoti maspect ratio"

Ofld redtel fregmew. the appropriate (1 + i) sbedirectlyj reed off.
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a) t•ap5 - turIng - to the A distribution ta4uineA
along s ing qpan In Map 2, and for each re4uee• frequeany of interest,
the We"'rse disuibutios at (O + *Q)3 is ameterminae by mems of the
tables at stop.

ftO (Y + JG)3 astributil so obtaine is tua used ia p•ace or

Me fstmween C(k famptm In the equations for the two-dimnional air
fmtem, So air ftrese ompte on this basis are uas In the flutter analysis.

t) step 6 - it is evidmet that the receding mtheA for nrtving
.+ X) . a b hem the air fore, is tz *korara the ratio I /j

is leom an am. Imp, It is also possible to obtain vaus or the jf/j
rato guch are reater m am. Iqtioa (IA) thn leads to m• ative
A values, wlhch are obvimely not a•asib3a.

bbdor tOld cire tame, sseran pests that the rat*iUo

be tahms as the true ratio of circulation for the oscillatory came.

Aa r wrieiau in the mwtA asrm when V is ase. ia this
Sevent, a te r At , there I is tbe tw rnaleo-alm • leiz ation at

a ae m referen stt , (,Y/b)/( ,•./) Is tae as the ratio or
tJ mbi ovn to tlocair-u y m eac h at the reference station, b
balm the local amsebwt in each case.

It is to be notd that a se@ rate air fboe astermnstioa is required
for ec wing sf of Intest and fo each reA•eI fr*aney. nver, oee
the stU4-etate cires~at~ distribution are ealeulatel, the ruinaer of the
proem -ecems simple an izrect, an does mot involve any laborim solutiam
of sets of sinultuamous eqtions, so in the ce of the more riwos getbafs
of ca•e•lation. Fhra the point of vim of desiwoffi• - practife, the Mausr-
van e i an ameptl one. Nmesvr, valess It ce be ceamie2m vly

we nstrated that very su ir accuracy can be achieved toug thir use, the
SWO rlWU X•bf 8101 be Clse as Im• ! beesue af the eoneiagrghle

labor " entail.
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1tt m d by a re.tiaamz, mf.latiog, war

withazmncuatclfe *)t and)M 2f •5.. goeaby
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Fig. 1- Schematic Diagram of Vortielty Associated With a
Rectargula, Oscillating, Eorseshoe Vortex.
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- [21. *-1kz ____ z-

"Tv I [f _ .... 
+ 

<l 
x ) 2 x

"- kek 17 • [k(y +1)1 - [ +1 [k~y

doze F ki~ is ae camue cicaui rotiom

md 1 [k5] ls a relaels imo1slte famtt1
-,-,Nk3 •[] - t ,,•Juo .9-1ý

kk L9) }0 (n.6)

2. Sioinmerat arrivnlg at tUs masodawe lntlime eoefflcients
rarfi the vsm a* ft: ,ru litm tam oris in am syefl from the

uisammam gives In the boi4 of the report, wA from the eW Wessi Zqm.

Afste mik azipaatonm, USe eosfflianet ire awbeemt int the
followb form l~a Is omusaut forn slalslasm:

:,, 
4!492• )140(g2 l b 2). :y

- M(5-.2)
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L4U ""[M ry
-j .L[i-Ibl/a~sXL lb,.___

_2 02 ab1.0.

eM • horm fnatiaLm put'amll.

k a
b

b, - i 3TAI b2 - I V-11 (11-9)1i ; V

MA 8 us t hstanrm ti th boum voa IdxM-.lm ieargwaz to tin uailif.
W& of tb in ", 4ivlftd by Um 3ls1 mdas-bori. As shms In the als lat,

for the sima -l.t4tg-•i anmh 8 " 3/2 3 f" tM ftde e.-tu'-
Jim-theorY, 8 take s cmtie vams 7/A wM 3/k awrosaa~lag to us for-
vur, m Im.. le4r g-1lUm, 'Sspoeuitsy.

go VIsalpal tmtim wtan" l, CL.T), 01.8) Is gk(,b) =M
9 (92,b2 ) . k'o"ift the eabaf-, It emn be AMt~

( b bb) - A.•C• - ).

{Im [ '/2I b Y'(b) + 2( #b)1I
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a 36(b) + 171(b) (U-U)

mi

k'b) - "0)+ lot -2 I

Isa t latter eamtim., Y is the 1a.l-mm fItwlu earnt O.51T2

A f{(i --osA

(IIJ2)

It is remspo a tbt 1(b) is an covata C~esa tmoutm d.
the isteusls in 01.1a) T! related to tbe immAw~toea Wrum fln. Ysims
of ]%(b) , Igb) so& (b) have beesm ti.ste. by lis an Vwt (mW. 13).

* ~~~0 iWtAVII ",b) smA "(,b) or* tftated Is a repr iby ham&]
GoIMl a IbsNmttOW. 16). Va* ry matl', an extensive tds ar I1(b) bss bem
prqWe by the gor was Cqutatim LMIIOMsY (Pef.- 17) It 1s mlerstool
tjot voy have aso tdolaw the 1stervis in 09.32) (or reimu ames).

Dote that tin fmotiou Xs,'?) combie. no sissmaritims. it is
a to-varomiker I bib'. Ib view or the dwe tdaes, this fewift einsso be
tobvlate oaee ml for .11, so that for egy "i easfipurtiss egmptrqgatl
Of Ow iOumAmh SOOffiats wvoul. be as em mntter. It sgoes appear
feesfIb to construt At for tb -braekgte portio of i hizeetl as

this is a three-pmmut fbiLW.
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*nIxM mo

In Uius qpssiz, sa outline is pemsted for the step required fbr
tih emimstioa i or the slaseise lift and omt distribution for oseclltI g
finite spn viep wi thm sinqle-liftlg-3tam theory. he step are as
followm:

1. Replace the wing by a slyst or discrete horseshoe vrtices s
Mom Is Fig. 2. In the notation of this rei'lt this fixes the values of
a, w b, gl, at. (See p. 59)

2. Cooe k

3. Ca~u ir asgivenby2q. (11.9) for tmvlusof r and
* deterined In Maep 1.* Note that suI~pt r refers to modw of win
vOr All subseript a refers to poslti oan the three-qrert cbord IJ,

b. 1 1h wing mae or interest, eopute the total p8metic does-
ush at the required three-quarter cil Ain stations. Note thst for mept
wisp, is addition to coutributios du to tie wing bending ad Usi-n so&
hmps, a further oeatribution arises which is proportional to h spsmvise

chm or the vIW besi usie shape.

5. br each logm 1t of the Wom ic •m h b erie I Gtep I,
Ceterins the a valnes at rr Us f&Imd t by Us et t a simultaneous
equations, Eqs. (2.3).

6. Cmpte th spe••ise distrnb tm of cirmat••r lUft a gives
by Eq. (2.5). Rote that the pesent tlomy asons that resultin lift of seeh
vwi smction sets at the qurter chord. s the must eoeffIzclmts ae the

-m a timir too-4lm iml eounterperts.
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1. come" sm-eiruutoy lUft a mat=D .16utVAm aloft
thein vfter am& sof do of latawut MqIqiq tvo-4Umlnml o"r
.the. Note tftt Vh l)f.I set at t qmrta ehaor4.

a. Oi a elwulatm7 mal U ealouata7 lft =a
em~1hati to hlte l otal lft "a mIt

i
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